We show that the correspondence among AdS 3 /CF T 2 , the 1D Schwarzian Model, SachdevYe-Kitaev model and 2+1D Topological Quantum Gravity can be extended to the case of dS 3 /CF T 2 . The R-matrix, related to the gravitational scattering amplitude near the horizon of dS 3 black hole, corresponds (on the side of the holographic projection) to a crossing kernel in the Schwarzian Model. The R-matrix is related to the 6j-symbol of SU(1, 1). We also find that in the Euclidean dS 3 a new Kac-Moody symmetry of instantons emerges out. We dub these new solutions Kac-Moodions. A one-to-one correspondence of Kac-Moodion levels and SU(2) spin representations is established. Every instanton then corresponds to spin representations deployed in Topological Quantum Gravity. The instantons are directly connected to the Black Hole entropy, as punctures on its horizon. This strongly supports the recent proposal, in arXiv:1707.00347, that a Kac-Moody symmetry of gravitational instantons is related to the black hole information processing. We also comment on a further correspondence that can be established between the Schwarzian Model and non-commutative spacetimes in 2+1D, passing through the equivalence with Topological Quantum Gravity with cosmological constant, in the limit when the latter vanishes.
Introduction
Recently, there has been much interest in the literature in trying to unify different aspects of string theory and quantum gravity models with the holographic principle and the AdS/CF T correspondence. In particular, a new holographic connection involving the AdS 3 /CF T 2 correspondence, the 1D Sachdev-Ye-Kitaev (SYK), the Schwarzian Model and 2+1D Topological Quantum Gravity (TQG) was discovered and analyzed in Refs. [2, 3] .
Following a similar pathway, Strominger proposed in Ref. [12] a dS/CF T correspondence, as an extension of the holographic principle contained in Maldacena's seminal proposal [5] . This urgently rises a further question: is it possible to extend the series of correspondences mentioned above to the context of dS/CFT?
In this paper, we will show that also within context of dS 3 /CF T 2 a correspondence with TQG can be established. Furthermore, we show that a correspondence that can be also established between the Schwarzian Model and non-commutative spacetimes in 2+1D. The latter deploys the limit of vanishing cosmological constant in 2+1D Topological Quantum Gravity and the recover of non-commutative space-times.
Linking dS 3 /CF T with the Schwarzian Model
We spell in this section a series of relations that deeply connects the Schwarzian Model in quantum mechanics to the dS 3 /CF T 2 correspondence.
Asymptotic symmetries of dS 3
Let us start considering the dS 3 metric, which reads
This is exactly the same metric of AdS 3 , but with the l 2 → −l 2 replacement -l is the Hubble radius of the metric. As renown, the dS 3 metric has six Killing vectors, namely the doublet of getenerators 2) and the quadruplets of generators
3)
The Killing vectors generate the sl(2, C) algebra where (J + n ) * = J − n . The asymptotic symmetry of dS 3 is characterized by one Killing vector, which reads 5) where U = U (z) is a holomorphic function and stands for the derivative with respect to z = x 1 + ıx 2 , the space-coordinates being denoted with x 1 and x 2 . The metric transforms under a diffeomorphism according to the Lie derivative
In terms of the U -parametrization the Eq. (2.5) recasts
and δ U g zz = δ U g zt = δ U g tt = 0 . (2.8)
The metric is invariant under the Killing transformation ζ, if and only if U is vanishing. A generic solution of U (z) reads U = α + βz + γz 2 . These transformations correspond to the conformal group of the complex plane, while the isometry group corresponds to the SL(2, C) subgroup of the asymptotic symmetry group.
The iso-group of AdS 3 is SO (2, 2) , which in the Euclidean rotation t → ıt allows for an isomorphic identification with SL(2, R)×SL(2, R). In stead, the iso-group of dS 3 is SO(3, 1), the double covering of which is SL(2, C). Since the group is already SO(3, 1), which contains a double copy of SL(2, R), the Euclidean continuation is not required. In stead, the Wick rotation to the Euclidean space entails the SO(4) group, which corresponds to SU(2)×SU (2) . In this latter case, no reparametrization freedom, such as Möbius transformations, are present, but a rotation freedom.
The Schwarzian Model
Since the symmetry of dS 3 is SL(2, R)× SL(2, R), an holographic connection to the SL(2, R) invariant 1D Schwarzian model can be envisaged. Let us introduce the Schwarzian Model, with the action cast
where C is the coupling constant of the (zero-temperature) theory. The function f runs over the (thermal) circle S 1 , while the Diff(S 1 ) acts on f (τ ) as f (τ + β) = f (τ ) + β. This induces the Schwarzian structure
which is dubbed Schwarzian derivative. The action in Eq. (2.9) is invariant under SL(2, R)
The Hamiltonian of the model is simply equal to the Casimir of the SL(2, R) group, i.e. H = l a l a /2 where l a stand for the sl(2, R) generators. The partition function of the theory is 13) where the integration is performed modding out the overall SL(2, R) symmetry. The 1D Schwarzian Lagrangian can be related to the complexified extended model by means of
(2.14)
Compared to AdS action, the last term is flipped in sign. In the complexified phase space of theory related to Eq. (2.14), the flip of the sign can be achieved by means of the shift φ → φ + ıπ. Starting from Eq.(2.14), one can obtain the 1D Schwarzian model with the following operations: First integrating outf and fixing πf = ±1, then integrating out π f . The lagrangian obtained is L = 1 2 (f /f ) 2 , which can be easily rewritten in explicitly SL(2, R) invariant form if adding the zero-equivalent global derivative term −(f /f ) /2.
Looking at different limits of Eq. (2.14), one may obtain the three models: i) 1D Schwarzian quantum mechanics; ii) 1D Liouville theory; iii) motion of a particle in the Euclidean AdS or dS backgrounds (depending on the procedure deployed to integrate out modes). The 1D Schwarzian model can be obtained by modding out the complex variablef and π f while fixing the momenta πf = ±1 in Eq.(2.14). On the other hand, the 1D Liouville model can be obtained from the first form 1D Schwarzian Model from integrating out f and fixing the momenta π f = ±µ = ±const, namely
The motion of a particle on the Euclidean AdS 3 (dS 3 ) space can be achieved by integrating out πf as it follows:
The sign difference arrises from the different constraints obtained by path integral integration of one of the conjugated momenta, i.e. π f = ±ḟ e −φ for integrating out πf . Finally, accounting the for the complexified structure of the phase space, the (f,f , φ) variables of the 1D Schwarzian Model can be related to the dS 3 metric parameters by means of the line element expression
This series of relations deeply connects the Schwarzian quantum mechanics to the dS 3 /CF T 2 . In the next sections, we will see how TQG can also fit in this holographic picture.
In Fig.1 , we summarize the main correspondences among the models.
Solving the Schwarzian model from Conformal Bootstrap
The 1D Schwarzian QM is related to a large c limit of the 2D Virasoro CFT -see Ref. [13] . The out-of-time order (OTO) function in the Schwarzian Model corresponds to the twofunction of two bulk Liouville vertex operators. This correspondence allows to solve the Schwarzian Model as a limit of the 6j-symbols of the Virasoro CFT. A general expression for the 6j-symbol in the Virasoro CFT, constructed at finite c, and the relation with the monodromy of the conformal blocks were found in Ref. [14] . The result in the large c limit was recently found in Ref. [3] , and can be cast in a compact form by means of
where W(a, b, c, d, e, f ) denotes the Wilson function, which in turn is composed by a linear combination of two generalized hypergeometric functions 4 F 3 that reads 20) and with 21) where the (a) n coefficients are expressed in terms of the Euler Γ-functions, i.e.
The notation Γ(x ± y ± z) finally corresponds to taking the product of all the four sign combinations.
TO and OTO 4-point functions in Schwarzian quantum mechanics
We summarize in this section how the out of time-ordered (OTO) 4-point functions can be divided from the knowledge of the time-ordered (TO) correlation functions. The latter ones are uncrossed planar diagrams while the former ones involve crossing of the legs. The diagrams associated to these correlations functions are connected by a crossing kernel that is expressed in terms of the R-matrix coefficients R kskt , as shown below. The bi-local correlation operator is expressed by the formula 23) and is invariant under SL(2, R) transformations. This implies immediately that O l commutes with the Hamiltonian H of the Schwarzian theory which is nothing but the quadratic Casimir operator of sl(2, R) algebra:
Since the bi-local operators are diagonal in the energy-states basis, this implies that TO correlation functions O l (τ 1 , τ 2 ) only depend on τ 2 − τ 1 . At finite temperatures, the two-point function is defined by the single insertion of the bi-local operator in the functional integral
At zero temperature, the two-point function of the Schwarzian theory was recovered in Ref. [15] , and as shown in [3] , the result can be generalized to finite temperature and expressed by a double integral over intermediate SL(2, R) representations k 1 and k 2 by means of
where A 2 (k i , l, τ i ) are obtained in the large c limit of previously recovered results, thanks to the relation between the Schwarzian theory and the 2D Virasoro CFT, and read
The 4-point operators G l 1 l 2 can be calculated from the bi-local operators O l (τ 1 , τ 2 ) considering the expectation value
(3.28)
TO 4-point functions that are cyclically ordered via τ 1 < τ 2 < τ 3 < τ 4 do not retain crossing of the legs of the bi-local operators involved. A triple integral expression over intermediate momenta can be immediately recovered, namely
In the momentum space, the expression of the A 4 (k i , l i , τ i ) amplitudes for the TO 4-points functions was found in Ref. [3] , taking into account the fact that bi-local operators commute with the Hamiltonian, as shown in Eq. (3.24) . This reads
Here the Feynman rules in the momentum space have been applied, based on combinatoric algorithms that involve the propagators and the vertices. Specifically, the propagator between τ 1 and τ 2 that is labelled by k is calculated to be exp −k 2 (τ 2 − τ 1 ), while the vertex factor intertwining the momenta l, k 1 and k 2 is found to be
As shown in Ref. [3] , the same results for 4-point function can be also recovered from relation between the Schwarzian Model and the 2D CFT. Notice furthermore that the amplitude in Eq. (3.30) factorizes into the product of two 2-point amplitudes
(3.32)
The OTO 4-point function O l 1 (τ 1 , τ 2 )O l 2 (τ 3 , τ 4 ) OTO was calculated in Ref. [3] , deploying an analytic continuation, starting from the TO correlation functions with time ordering τ 1 < τ 3 < τ 2 < τ 4 . Since in this latter case the legs of the bi-local operators cross, the resulting TO 4-point function will differ from the analytic continuation of the 4-point function recovered without crossings. This entails the expression 33) in which now the TO and OTO amplitudes are related through the R-matrix coefficients R kskt by means of
The R-matrix coefficients depend on six numbers, namely k 1 , k 4 , k s , k t , l 1 and l 2 , labelling the spin of the corresponding sextuplet or representations of SL(2, R).
In general, the R-matrix satisfies the unitarity property
while its explicit form of can be recovered considering the 2D CFT side of the Schwarzian Model. Intriguingly, it turns out that the 2D kernel can be expressed as a quantum 6j-symbol of the non-compact quantum group U q (sl(2, R)), as shown in Eq. (3.18).
Correspondence dictionary
A dictionary between the Schwarzian Model and the CF T 2 theory can be individuated, which can be useful for calculations. This entails the correspondence 36) which leads to the relation between the Liouville and the Schwarzian fields
In other words, the bi-local operator in the 1D Schwarzian Model corresponds to the insertion of the V l vertex between two ZZ-branes.
As a consequence, the 4-point function corresponds, in 2D Liouville CFT, to the 2-point function of primary operators between two ZZ-branes |ZZ , namely 38) provided the identifications
When TO operators are taken into account, the sites {z 1 ,z 1 } and {z 2 ,z 2 } are taken to be timelike separated, which ensures that their past light-cones do not intersect. When the two bulk operators are spacelike separated, following 2D light-cone directions that originate from each vertex, the legs of the bi-local operators show a crossing. Then TO and OTO correlation functions then turn out to be related by the CFT monodromy matrix. This latter links the timelike separated and the spacelike separated 2-point functions.
The R-matrix of the 2D Virasoro conformal blocks equals
where F αsαt is expressed in terms of the quantum 6j-symbol by means of
In Eq. (3.40), S b (x) denotes the double Sine function, defined by 
The C(α 3 , α 2 , α 1 ) coefficients entering Eq. (3.40) denote the DOZZ 3-point functions [16, 17, 18] , while the momenta are rescaled according to
It is remarkable that in Eq. (3.39) the q-deformed version of the 6j-symbol appears, with q = e ı = e ıπb 2 . In view of the relation with 3D gravity that we will discuss in the next session, we remind that the q-deformation of the 6j-symbol, which is relevant in 3D Topological Quantum Gravity, deploys q = e ı = e ı √ Λ/2 , with Λ cosmological constant. Finally, we remark that for the application to the Schwarzian theory, we are interested in the b → 0 limit, then correspondent on the gravitational side to zero cosmological constant limit, of the quantum 6j-symbols. This limit entails
This finally leads to the expression of the Schwarzian R-matrix coefficients
4 Gravitational scattering in dS 3 /CF T 2
In the previous section we reviewed the relation between the the Schwarzian Model and the CF T 2 theory and the fundamental result recovered in Ref. [3] that the behavior of the OTO correlation functions is dictated by the knowledge of the TO correlation functions, once the R-matrix 6j-symbols are known. The R-matrix is explicitly unitary and describes the gravitational bulk scattering amplitude in the momentum space. In this section, we come back to the analysis of the theory on the dS 3 side, and shed light on further correspondences that be recovered with 2+1D non-commutative space-times in the limit of vanishing cosmological constant.
Particle scattering in dS 3
We start the analysis considering a BTZ black hole in dS 3 , the metric of which reads
where l is the dS radius and R the Schwarzschild radius. This suggests that the dynamics of every 3D Schwarzschild De Sitter can be completely captured by the CFT on the boundary of dS. As a remarkable consequence, every particle scattering on the dS geometry must have an R-matrix, which is equivalent to the one recovered on the CFT and Schwarzian sides. A Penrose diagram of the scattering process is shown in Fig. 1 , in which the conformal coordinates are deployed
with −π/2 < T < π/2. The scattering of two particles on the dS 3 background can be addressed following the description deployed in Refs. [1, 3] . We denote with M the mass of the black hole, and label with the " (1) " and " (2) " the two particles that are respectively departing and arriving at the dS boundary, and that collide close to the horizon. The scattering process creates a future black hole region with a shifted mass, M + β. The value of β is determined by the collision energy, which is in turn dependent on M , the energies α and ω of the particle modes, and the time difference between " (1) " and " (2) ". The mass parameters entering in the scattering problem are Consistently with this notation, we may define the φ (1) infalling modes and the φ (2) outgoing modes. The scattering process then formally corresponds to the expression
where R αβ is the unitary scattering operator which shifts the location of one operator by an amount proportional to the energy of the other one.
We may then consider a 2D CFT endowed with large central charge c and a holographic dual that is weakly coupled. The theory has dense spectrum of primary states |M , with the Cardy formula governing their asymptotic level density. Resorting to the dual gravity description, the heavy states |M endowed with energies l M > c 12 shall describe the BTZ black holes accounted in Eq. (4.45).
Particles can be introduced in this framework as perturbations escaping from near the horizon of the black hole, or infalling into the latter. Thus a generic state |Ψ can be obtained in the Heisenberg picture by acting with a local CFT operatorÔ on |M . A specific operator that creates a perturbation/particle " (1) " is denoted asÔ (1) . Its action can be expanded by means of
in which the components capture the increase of the primary states' energy, namelŷ
where "f
α " denote the OPE coefficients. Descendants are given by product of Left and Right Virasoro generators that act on the states |M + α . The componentsÔ (1) α are associated to the description of the partial wave for which the bulk particle " (1) " has energy α. Along the same line, we introduce the second particle operator, which acts at an earlier time t 2 < t 1 according tô
where ω is the total energy of the bulk particles.
On the CFT side, Eq. (4.48) recasts aŝ
The scattering matrix that is recovered from the side of the conformal bootstrap is the one reported in Eq. (3.39). Within the semi-classical scattering regime, the R-matrix can be then related to the S-matrix, which in the eikonal form reads
In the limit of small quantum corrections, namely → 0, up to trivial phases one obtains
The S-matrix corresponds to the volume of a generic tetrahedron [19, 20, 21] , with angles, at the six edges, controlled by the mass parameters in Eq.(4.47) through l i /2π = √ 8M i .
Relating the Schwarzian Model with noncommutative spacetimes
We close this section emphasizing a further correspondence that can be recovered from the side of the dS 3 theory, and that traces back to a longstanding analysis of topological scattering, as addressed in Refs. [22, 23] , which are relevant in lower dimensional quantum gravity Refs. [24, 25, 26, 27] . In particular, using a Chern-Simons formulation 2+1D gravity without cosmological constant, it was shown in [25] that gravitational interactions deform in flat spacetime the Poincaré symmetry up to a quantum group of symmetries. This latter turns out to be the quantum double of the universal cover of the 2+1D Lorentz group, namely a Lorentz double. The R-matrix of the Lorentz double can be then deployed to address the scattering of gravitating particles endowed with spin, and the relevant results obtained reproduce previous findings by 't Hooft [29] , Deser and Jackiw [30] and de Sousa Gerbert and Jackiw [31] .
Moving from the quantum deformation of the isometry algebras of the 2+1D AdS, dS and Minkowski spacetimes, this result was extended in Ref. [28] to the correspondent Drinfel'd double structure on the isometry algebras that are motivated by their role in (2+1)-gravity, in order to encode the cosmological constant Λ as the deformation parameter, and obtain twisted versions of both space-like and time-like κ-AdS and κ-dS in quantum algebras. It is then relevant that in [28] the Λ → 0 limit leads to a twisted quantum Poincaré algebra, with related non-commutative spacetime that is a nonlinear Λ-deformation of κ-Minkowski plus additional contribution due to the twist. This clearly corresponds to the b → 0 limit shown in Eq. (3.43), through which we derive the Schwarzian Model. This then amounts to the identification of a new correspondence that in the b → 0, or equivalently Λ → 0, relate the Schwarzian Model to the non-commutative κ-dS spacetime. A similar result can be immediately derived on the AdS side, establishing a correspondence between the Schwarzian Model and the non-commutative κ-AdS spacetime. For this latter case, it was shown in [28] that the deformation that is recovered can be related to two copies of the standard quantum deformation of the Lorentz group in 3D, also referred to as Drinfel'd-Jimbo deformation.
3D quantum gravity, Kac-moody instantons and holonomies
In this section, we further refine our analysis on the dS 3 side, and elaborate on the interesting results obtained in Ref. [33] .
We start performing a Wick rotation of Eq. (2.7), so to cast the Euclidean de Sitter background as
where β = 2πl is the period of the time coordinate t E , with 0 ≤ t E < β.
Considering the change of coordinates r = l cos ρ, we obtain the S 3 sphere metric
The Euclidean sector can be described by a double Chern-Simons gauge theory, with gauge group SU + (2)× SU − (2). Each SU ± (2) chiral sector is characterized by the gauge connection
in which ω a and e a denote respectively the spin connection and triad.
We can explicitly find the components of the connection introducing a generalization on the Euclidean dS 3 background in terms of two real parameters, γ and β. The connection components then read
where γ = 1 corresponds to the dS 3 background. The requirement that no conical singularities or holonomies are present at the horizon (ρ = 0) fixes the ratio between the two parameters to be β = 2πlγ −1 .
In what follows we focus only on the positive-chirality sector of the theory, and neglect the specular, negative-chirality, mirror sector. Furthermore, we consider that the horizon at ρ = 0 is associated to a boundary condition on the connection, by means of
(5.61)
The Euclidean action that fits the boundary conditions then reads It is remarkable to note that, performing the integral of the Euclidean Chern-Simons action, a hidden Kac-Moody algebra at level k can be found. To show this result, we first consider the correspondent partition function, which reads
The semiclassical limit of Eq. (5.63) is achieved through the saddle point approximation, considering the gauge components Eqs. (5.58)-(5.60), namely 64) where N denotes a normalization factor. The partition function is recovered as a sum performed over γ at β fixed. The saddle point approximation then yields the γβ = 2πl, corresponding to the classical value of γ that avoids conical singularities at the horizon. It is worth to emphasize that the expression for Z(A) in Eq. (5.64) is reminiscent of the Regge discretization of the action of gravity in 2+1D, when the configuration variables, the lengths of the edges of the simplicial triangulated manifold, are assumed to be proportional to γl, and the cosmological constant term is reabsorbed in the normalization factor. From the geometrical point of view, γ can be also seen to parametrize the deficit angle of a conical singularity located at ρ = π/2 (r = 0). From Eq.(5.64), we can associate for each γ-state an energy E γ = γ 2 /16G and a degeneracy ρ(γ) = exp(πγl/(4G)).
It is worth to note that the γ-states satisfy the Euclidean EoM of the theory, since are associated to the γ-families of dS solutions. This implies that these states correspond to instantonic solutions, and thus may be interpreted as quantum mechanical tunnelings. Since γ = 1 amounts to pick conic singularities in the black hole horizon, the instantonic solutions can be connected to the gravitational tunneling from the interior to the exterior of the black hole horizon. In other words, the instantons puncture the black hole horizon. On the other hand, one should expect that the sum would not be supported over a continuum set of values, and that, somehow, the γ's should be discretized and related to a topological winding number. Elaborating on the asymptotic limit, we will see that this is exactly what happens.
It is also worth to note that for γ = 1 (de Sitter solution) the total entropy (considering both the chirality sectors) turns out to be
which is nothing but the Gibson-Hawking value for the de Sitter background.
The model reduces to the WZW theory at the boundary, namely
where g is an element of the group, which turns out to be not only the SU(2) Lie group, but also a SU(2) Kac-Moody.
The asymptotic gauge field can be expanded as
where T a n satisfies the SU (2) Kac-Moody algebra, namely
This leads immediately to the partition function We may now consider the semi-classical limit, namely k > > Q, in which it is possible to compute the trace on the spin-representations. Using the result of the Tr[q L 0 e ı θ T 3 0 ] given in Ref. [34] , after some tedious but straightforward algebraic passages we recover
71)
where θ = −2πı in our specific case. In the k → ∞ limit, the saddle point condition is obtained
Since both n and s are discrete, this means that also γ is quantized. This result also provides an explicit example of the conjecture, proposed in a series of previous papers, that the partition function of a black hole may be interpreted as a superposition of conical naked singularities -see e.g. Refs. [35, 36, 37, 38] . It is also worth to note that in Refs. [35, 36, 37, 38] a relation between conical singularities and chaotization of infalling information was pointed out. Indeed, the chaotization phenomenon can be recast from the prospective of the eikonal scattering, confirming the conjecture of Refs. [35, 36, 37, 38] .
Eq. (5.73) is a very important result, since connects the gravitational instantons in the semiclassical limit to the spin representations of SU (2), which in turn are connected to 3D TQG holonomies in the non-perturbative regime.
In particular, in the limit of k → ∞, we must have that n < 1 and then that n can be neglected, giving rise to the a discrete tower of conical instantons, namely
with a corresponding partition function
The quantized energy levels and the degeneracy factor appears in the partition function:
In particular, the degeneracy factor of the states leads directly to the Gibson-Hawking entropy, which casts
It is worth to note that this counting of states scales exactly as the area of a black hole in topological quantum gravity, which is recovered from counting the holonomy's punctures on the black hole's horizon.
Conclusions and remarks
Within the context of dS 3 /CF T 2 , we have shown that a unification between TQG and string theory can be recovered, as in the case of AdS 3 /CF T 2 [2, 3] . We discovered an intriguing pattern of correspondences among 1D SYK, Schwarzian quantum mechanics, 3D double Chern-Simons theory, Liouvile CF T 2 and the eikonal scattering of particles on the surface of a black hole. In particular, the main building block of the quantum amplitudes for the thepreis considered here, the 6j-symbol, arises from every sides of dS 3 /CF T 2 correspondence, leading to the connection between string theory and TQG. This seems to enforce the recent conjectures of unification among topological M-theory and TQG proposed in Refs. [39, 40] .
On the side of dS 3 , we elaborated on Ref. [33] and showed that in the semiclassical limit the partition function can be decomposed as an infinite sum of partition functions of conical euclidean singularities. These latter in turn are nothing but instantons of the double ChernSimons theory. This observation provides an explicit example of the conjecture proposed in Refs. [35, 36, 37, 38] . In the semiclassical regime, the partition function of a black hole can be related to an infinite sum of partition functions of conical singularities. Another side of this conjecture has been then proved in this paper, since we suggested that the presence of conical singularities can be related to the chaotization of infalling information [35, 36, 37, 38] . This proposal then finds within this context a paradigmatic example. The eikonal approach for describing two particle collisions close to the black hole horizon in dS 3 leads to the butterfly effect as a back-reaction phenomenon, as in the AdS 3 case studied in Ref. [32] .
It is also remarkable that a correspondence can be found between the Schwarzian Model and non-commutative spacetimes too. We took into account previous results recovered in Ref. [25] , which concern the emergence of a Lorentz double with R-matrix involved in the description of the scattering of gravitating particles, and in Ref. [28] , which concern the recovery of twisted non-commutative spacetimes in the Λ → 0 of deformed Drinfel'd double structures for AdS and dS. Thanks to these findings, we recognized that the correspondence can be immediately extended in order to encode the Schwarzian Model in the Λ → 0 limit.
We wish finally to summarize the very interesting set of properties retained by the instantons we found here:
• Instantonic solutions are connected by a Kac-Moody global symmetry. A similar result, accounting for gauge and gravitational instantons on a S 2 × S 2 background, was found in Ref. [41] .
• The instantonic levels are proportional to the spin representations of SU (2). This paves a new way to obtain the semiclassical limit of TQG in dS 3 .
• The instantonic solutions are corresponding to the BH entropy, which is obtained from the degeneracy factor of the instantonic states in the partition function. This provides a powerful example of a connection between the Kac-Moodions and the black hole entropy, as conjectured in Ref. [41] .
These properties lead to an interesting interpretation of Kac-Moodions as gravitational tunneling solutions that puncture the BTZ black hole horizon. In other words, the picture we present is the semi-classical analogous of the TQG holonomy punctures on the BH horizon. As a matter of fact, the two approaches match in the counting of the BH entropy states. It is also worth noting that the gravitational tunneling may be viewed as micro-wormhole solutions puncturing the BH horizon. Intriguingly, we may speculate that Kac-Moodions can retain interesting connections with the ER=EPR proposal, which relates wormholes solutions in the bulk with the entanglement of particles on the boundary [42] .
